Mathematical Modelling Exam

August 18th, 2022

This is an open book exam. You are allowed to use your notes, books and any other
literature. You are NOT allowed to use any communication device. You have 100 minutes
to solve the problems.

1. Let A e R™" B e RP*" and C' € R™*" be matrices. Consider the solutions of the
matrix equations:

AXB =_C. (1)
Let G; € R™™ and G5 € R™™ be generalized inverses of A and B, respectively.

(a) Assume that C'= AG1CG2B. Check that G;CG; solves (1).

(b) Prove that if (1) is solvable, then C' = AG;CG4yB holds.
Hint: Multiply (1) from left and from right by appropriate matrices and use the definitions
of Gl, Gg.

(c) Assume that (1) is solvable. Check that
X =GiCGy+ Z — G1AZBG,
solves (1) for any Z € R"*?.
Solution. First we check (1a):

A(G1CGs)B = AG,CG2B = C.

Second we prove (1b). We multiply (1) from left by AG; and from right by G2 B to
obtain
AG1AX BGoB = AG,CG,B. 2)

Since Gy (resp. G2) is a generalized inverse of A (resp. B), we have that AG;A = A
(resp. BGoB = B). Hence, (2) implies that
C = AXB = AG,CGsB, (3)

where in the first equality we used (1). This proves (1b).

Finally we check (1¢):

AXB = A(G,CGy + Z — GyAZBG»)B
= AG,CGyB + A(Z — G1AZBG»)B
= O+ AZB — AG,AZBG,B
—C+AZB— AZB =C,

where we used (1b) in the second equality and the definitions of G, G5 in the third
equality.

Note: If (1) is solvable, then all solutions are of the form given in (1c). Indeed, if
X solves (1), then X = G1CGy + X — G1AX BGy, which means that Z = X is one
appropriate choice.



2. Let

1
Vrln(z? + 23) — —=sin(z125) = In(27),

NZ3

1
e 7" + — cos(zyz2) = 0,

/T

be a nonlinear system and v(® = [ NV ]T a vector. Compute the approxima-
tion oM of the solution of the system using one step of Newton’s method.

Solution. We define a vector function of a vector variable I : R? — R? by

Fi(z1,22) ] _ [ Vrln(z? + 23) — \/LE sin(z1x9) — In(27)

F(zy,20) =
(1, 22) Fy(z1, x2)

¥l \/%? cos(r19)

We are searching for the solution of F'(z1,22) = 0 using Newton’s method. We have
that

oD — 0 _ (JF(U(O)))*F(U(O)%

where
r 8F1(1‘1,1‘2) 8F1($11$2)
611 8332
JF(x1,19) =
( 1y 2) 6F2(I1,1‘2) 8F2(a:1,x2)

L (9331 8332
ﬁx%—af-lx% — %COS(I‘ll'g) \/Ex%ﬁn% — % cos(T12s) ]

T1—T2 % sin(xixs)

Tr1—T
61 2

— \"‘}—27? sin(xxs) —e

is the Jacobian matrix of F'. So

JF(U(O)):{l—i—l) 1—_(1—1)]:{2 2 }

We compute (JF(U(O)))il using Gaussian elimination:

2 211 0 1 1]35 0
1 =110 1 ~~ 0 —2|-1 1
[ JFP@O) [ I | =tr-100
[1 o+ 1 ]
Ny 11
P 0 1v4 !
1

So
0 _ﬁ]_[% : [ﬁln(Zﬂ)—ln(Qﬂ)]
ol A 7
VT — 3V/mIn(27) + 1 In(27) — § + 7=
B VT — 3/TIn(2m) + 1 In(27) + 1 — 7=

&Q
—_
DO
e}



3. Sketch the curve given in polar coordinates by
r(p) =2+ 4sin(yp)
and compute the area of the smaller bounded region determined by the curve.

Solution. Since r(¢p) is periodic with a period 27, we can restrict 7(¢) to the interval
[0, 27]. The sketch of () is the following:

I 3 v 6
2

Let us write down 7(y) for various ¢:

NE: 2 3n in 5 | 6r | Tn 8 or 107 iin

¥ ‘ 6 6 6 6 ‘ 6|6 |6 6 ‘ 6 6 ‘ 6

rle) |24 ]20+V3) [ 6 [20+v3)[4]2]0[20-Vv3)|—-2]20-V3)] 0
~5.46 ~5.46 ~—1.46 ~—1.46

Using this calculations we can sketch the curve:

Ll N e N T
-3 -2 = 2 3

We see from the sketch that the smaller bounded region enclosed by () is obtained
by restricting ¢ to the interval [7F, BT]. Its area A is

11 117

1 [ 1
A:—/ ' r(gp)Qdcp:—/ ' (24 4sin p)? dp
2 I 2 I

1 —_—
:5/ " (44 165in ¢ + 16sin® ) dip
s
i i 1 HTW
=206 +8l-cosglf +; [ 7 (8- 8con(20) dy
6 6 e
6
4 linm 1im 12
- gﬁ —8V3+4[gE —2[sin(20)]f = —3” — 83,
6 6



where we used that sin® ¢ = (1 — cos(2¢)) in the fourth equality.

. Solve the differential equation

i —d— 4 =2t + €. (4)

Solution. First we solve the homogenenous part
Z—x—4x =0.
The characterstic polynomial is p(\) := A\ — A — 4 and hence

1+£vV1+16 1417
2 N 2

p(/\) =0 = )\1’2 =

So, the solution of the homogeneous part is

1417 1-V17
xp(t) = Ae 2 '+ Be z '

where A, B € R are constants. To find one particular solution we use the form

Tp = Tp, (t) + Lpy (1),

where
Ty, (t) = Ct+ D, T, (t) = Eé'.

Hence, &, = C, @, =0 and &,, = i,, = Ee'. Plugging this into the DE we obtain
Ee' — (C'+ Ee') — 4(Ct + D + Ee') = 2t + €. (5)

Comparing the coefficients at 1,¢, e’ on both sides of (5) we get the system

—C —4D =0, —4C = 2, —4F =1,
with the solution | . )
8’ ¢ 2’ 4

Hence, the general solution of the DE is

. + Be Tt 115 + L 1et.
2 4

8

x(t) = Ae



