Mathematical Modelling Exam

June 28th, 2022

This is an open book exam. You are allowed to use your notes, books and any other
literature. You are NOT allowed to use any communication device. You have 100 minutes
to solve the problems.

1. Let
0 2
A=| -2 -1
-2 0

be a matrix.

(a) Compute the truncated singular value decomposition of A.

(b) Does there exist a matrix B € R¥*? of rank 1 such that ||[A — B||r = 17 If yes,
compute it, otherwise justify, why it does not exist.

Solution.

(a) We have that

. |8 2
ara=|y 2],

which implies
det(ATA - AL) =8 —=N)(5—-X) =22 =X~ 13X +36 = (A —9)(\ — 4).

So the eigenvalues of ATA are \; = 9, Ay = 4. Hence, ¥ in the SVD of
A =UXVT" is equal to

S O W
o NN O

The kernel of
T4 90 | -1 2
474 { 0 9| 2 —4

contains the vector [ 2 1 ]T and hence

-1

Further on,

The kernel of



contains the vector [ 1 -2 ]T and hence

-

Further on,
1
U9 = §AU2 = — 0

So, the truncated SVD of A is equal to

A=Tu m[g g][vl v 7.

(b) By the Eckart-Young theorem the matrix B of rank 1, which minimizes the
norm ||A— B||r is equal to ojuv?. The distance ||A—B||r is [|oousvd || F = 09 =
2. Hence, there does not exist a matrix B of rank 1 satisfying ||A — Bl|r = 1.

2. Let f(x,y,z) = 2% + 3xy + yz> be a function of three variables.

(a) Compute the gradient V.

b) Perform one step of Newton’s method to approximate the stationary p()illt of
f I]Sillg the initial 3ppI‘()Xill ation (Io,’yo, ZQ) = (1,(), —13).

Solution.

(a)

9 (z,y,2) 21 + 3y
Vf(z,y,z) = g—g(x,y,z) = | 3z+2°
9 (z,y, 2) 3yz*

(b) We are searching for the solution of V f(z,y,2)=[0 0 0 ]T using Newton’s
method. We have that

o =0 — (SN E) (V).

where
Pf(wy,z)  2f(wy2)  Of(zy.2)
Ox2 0x0y 0x0z 2 3 0
82 -l 82 Rl a Rl —
TV (w,y,2) = | s Shmpsl Mg =13 0 32
Pf(wyz)  Pf(wy2)  Of(wy.2) 0 322 6yz
Ox0x Oyoz 0z2

is the Jacobian matrix of Vf. So
2 30

JVAHED)Y =13 0 1
010



-1

We compute (J(Vf)(v©®))" using Gaussian elimination:
23 0(1 00 23 0(1 00
301010 ~ 010|001
01 0/0 0 1 [emees|3 0 1/0 10
[ (VD) | I ]
1000 =2
~ 01 0[{0 0 1
Ny
G=3(i=3) [ 30 1/0 1 0
100 —3

So ) ,
1 5 0 —3 9 0
1) 1 _
W= 0 =] 0 0 1 3+ =] 0
L _3 1 9 0 _2_
V3 2 2 3v/3

3. Let
ft) = —5t>+3t+11,1* -2t +3), tcR

be the parametric curve.

(a) Find all points on the curve, where the tangent is horizontal or vertical.
(b) Find all self-intersections.

(¢) Sketch the curve.
Solution.
(a) The tangent is horizontal in the points where v/(t) = 0:
20-2=0 & t=1.
The corresponding point is
f(1)=(1-5+3+11,1—-2+3)=(10,2).
The tangent is horizontal in the points where 2/(t) = 0:

10 £ /100 — 36 c {3 1}

32 —10t+3=0 < t15=
+ 1,2 6 3

The corresponding points are

F(3)=(27—45+9+11,9— 6+ 3) = (2,6),
310 22

37 =(32-5.-32+1+11.32-2.314+3) = =, =
fB) =( + 1411, +3) 57

) ~ (11.5,2.4).



(b) The curve has self-intersections, where f(t) = f(s) for t # s. We have that

3 — 52 + 3t +11 = 5> — 55> + 35 + 11
& -8 =5t —5%) —3(t—s)
& tP+ts+s°=5(t+s)—3, (1)

where we divided by ¢t — s in the last line. Further on,

t? -2t +3=5>—2s+3
& tP—s"=2t—2s)
& t+s=2, (2)

where we divided by ¢ — s in the last line. We use (2) in (1):
rt2-t)+2-t)2=10-3=7

and hence
0=t"—2t—3=(t—-3)(t+1).

The solutions are t; = 3, to = —1 with the correspoding s; = —1 and s, = 3.
So the only point of self-intersection is f(—1) = f(3) = (2,6).

(¢) We compute

lim f(t) = (—o0,00) and lim f(t) = (00, 00).

t——o0 t—o0

The sketch of the curve is the following:

-10

4. Let
ﬂ?l(t) I (t)
372(75) = A I (t) s
I’g(t) T3 (t)

where A € R33, be a system of differential equations with the following three
solutions:

1 1 1
et =11, €1 and €% | 2
1 1 4

(a) Write down a general solution of the system.

(b) Determine the matrix A.



(c) Write down a third order differential equation with constants coefficients, which
is transformed into the above system.

Solution.

(a) A general solution of the system is

1 1 1
Cle_t -1 + Cget 1 + 036% 2 ,
1 1 4

where C, Cy, C3 are constants.

(b) The matrix A has eigenpairs (—1,v1), (1,v2), (2,v3), where

1 1 1
v = —1 s Vg = 1 s V3 = 2
1 1 4
Hence,
A= [ v Vg U3 } -diag(—1,1,-2) - P~
~—————
P
Let us compute P~! using Guassian elimination:
1 1 1}1 00 1111 00
-1 1 2|0 10 ~ 023/ 1 10
1 1 410 0 1 lo=lo+01 00 3|/—-1 0 1
-— L l3=t3—6
[ P[]
(1 103 0 —%
~ 2 012 1 —1
o=0-1e [0 0 3]=-1 0 1
lo=tr—13
EEEIET=
L1
< 010 11 5 2
€1=€17%€2 0 1 -3 0 3
lo=10 = ~~
ale (B[P
So
(1 1 1][-100 5 T3 @
A= -1 1 2 0 10 1 % —%
1 1 4 0 0 2 1 1
- 4L 3 3
(-1 1275 "3 &
= 1 1 4 1 % —%
_ 1 1
| -1 1 8 | -5 0 3
0 10
= 0 01
-3 0 2




(c) Since eigenvalues of the matrix A are —1,1,2, the corresponding third order
polynomial is

A+DA=1D)A=2)=(N=1)A=2) =X —2)* =\ +2
and hence the differential equation with constants coefficients is

23 =223 4 2 _ 9



