Mathematical modelling UNI, problem sessions, week 6 1

1. Parametrize implicitly given curves below:

(a) x* -y =

(b) x=f(y ) where f: R — R is a continuous function,
(c) (x—p)?+(y—q)* =r?for fixed p,q,7 € R,

@) S+5=1.

2. Parametrizations

p1(t) = (cost,sint, t)
in  py(t) =(sint,cost,t)

determine two helices in R3.

Find the points of intersection of these two curves. What is the angle of intersec-
tion at these points?

3. The curve K is parametrized by r(t) = [x(t), p(t)]T = [£> — 4t,t* - 4]".

(a) Find the intersections of the curve with the coordinate axes x and y.

(b) Write down the equation of the tangent to K at t = 1.

(
(d
(e) Sketch the curve K.

)
)
c) Find the points where the tangents are parallel to the coordinate axes.
) Is there a point of self-intersection on K?

)

4. Find a parametrization of the epicycloid (and the hypocycloid), i.e. the curve
formed by tracing a point on the circumference of a circle with radius r which
rolls around (inside) a fixed circle of radius R.

5. Intersection points of planar polygonal chains. Write an octave function P =
presecisce(A, B) that determines whether two line segments A;A; and BB,
intersect and if so returns the intersection. The line segments are represented by

matrices
—|*1 X2 5, g = [Mr M2
Y2 V1 V2
Two polygonal chains K and L are defined by the sequence of line segments
A A,,A,As,... and BB, B,Bs,.... Write a function P = presecisca(A, B) that

returns all the intersections of the polygonal chains K and L. The points that
define the curves K and L and the return value P are represented by matrices:

_ X| Xp c+0 Xg B Uy Uy -+ Uy and P = S1 8y ** S, .
V192 Yk vy Vp ot Vg "
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6. Intersection points of two parametrically given curves. We are given parame-
trizations of two curves, K and L, in the plane IRZ. Our task is to find all the
points of intersection of K and L.

Let p(t) and q(t) be the parametrizations of K and L defined on intervals I = [a, D]
and ] = [c,d] respectively.

Find the points of intersection using the following procedure:

(a) Divide the intervals I and ] into subintervals of length h > 0, where h is
sufficiently small.

(b) Approximate K and L with polygonal chains determinned by evaluating the
pp polyg y &
parametrizations at subdivision points of I and ] and find the intersections
of the polygonal chains.

c) Use the points of intersection of the polygonal approximations as an initial
P polyg pp
guess for Newton’s iteration, which will determine the actual intersection
points of K and L (much) more accurately.

You will also need the derivatives of the parametrisations p and q in order to use
Newton'’s iteration. Write the function P = presekKrivulj(p, pdot, intp, q,
qdot, intq, h) which returns the intersections of two parametrized curves.



